Abstract. A mathematical model is developed for the analysis of the fiber debonding phase of a pull-out experiment where the matrix is supported at the same end as the fiber is loaded in tension. The mechanical properties of the fiber/matrix are described in terms of two parameters, a fracture energy for fiber/matrix debonding and a frictional sliding shear stress. Results for the debond length and fiber debond displacement are compared with results from similar models for single fiber pull-out experiments where the specimen is gripped at the end opposite to the end where the fiber is pulling-out and with results for a single fiber fragmentation test.
Introduction
The fiber/matrix interface plays an important role in controlling the macroscopic mechanical properties of fiber composites [1] . A number of tests involving specimens with a single fiber have been developed, such as single fiber pull-out tests, single fiber fragmentation tests and fiber push-out tests [2] [3] [4] . Yet it still remains a challenge to characterize the mechanical properties of the fiber/matrix interface for several reasons. First, the practical side. The manufacture of specimens with a single fiber involves handling of individual thin fibers which can be difficult and the testing usually requires special testing devices and measurement equipment. Second, a part of the challenge is from the theoretical side. There is a lack of agreement in which parameters to use for the characterization of the mechanical behavior of the fiber/matrix interface and there is a need for suitable theoretical models and approaches for the extraction of interface parameters from experimental data.
Historically, the mechanical properties of fiber/matrix interfaces in composites were first described in terms of a maximum interfacial shear stress [5] , representing yielding of a ductile interface or interface strength in case of a brittle interface. This idea led to the development of the single-fiber fragmentation test (SFFT) in which the saturated distribution of spacings between positions of multiple fiber breaks is used to for the calculation of an interfacial shear strength [5] . More recently, it has been proposed to characterize the fiber/matrix interface in terms of a debond energy and a frictional shear stress or Coulomb friction [6] [7] [8] [9] . Such models are motivated by observations made during SFFT testing, indicating that fiber/matrix debonding takes place progressively during monotonic loading [2] . Another test type for fiber/matrix interface characterization is fiber pull-out tests. There are (at least) two ways of performing single fiber pull-out tests. One is to clamp the specimen end opposite to the one where the fiber is loaded in tension -we will denoted this test for fiber pull-out Type 1 (PO1). Another configuration is where the specimen is supported in the matrix material in the same end as the fiber is loaded -pull-out Type 2 (PO2). In both cases, we denote the (un-deformed) length of the free fiber by f L and the embedded length by L .
A number of micromechanical models exist for the analysis of pull-out and SFFT tests. Several of these models are quite advanced and incorporate e.g. Poisson's effects of fiber and matrix as well as residual stresses [8] [9] [10] [11] [12] . Unfortunately, due to mathematical complexity many of these models require a numerical implementation to be used. It is not always easy to see how model parameters are to be extracted from experiments.
In this paper, we develop a relative simple analytical shear-lag model for the analysis of fiber pullout Type 2 (PO2). The complete pull-out experiment, from the start to the final separation of fiber and matrix, consists of three stages: the initial debonding and sliding phase, the load drop at maximum fiber stress and the sliding and pull-out phase to complete pulling-out of the fiber. The model describes the fiber/matrix interface in terms of two parameters, a fiber/matrix debond energy, neglects Poisson´s effects. This allows us to make a relative simple 1-dimensional model. We describe an approach on how the interfacial parameters are determined from the debonding/sliding phase of PO2 pull-out experiments. Unlike most previous approaches, we utilize the fact that polymer matrix composites are optical transparent so that the debond length can be measured experimentally e.g. using optical miscopy during the experiment and used as an input parameter to extract model parameters from the model.
We also compare the mathematical structure of the model with other similar models for pull-out experiments where the other end is held fixed (clamped) and with the SFFT. These test methods are closely related, see Figure 1 for a comparison. [13] . This approach is developed to calculate the potential energy loss accounting for large-scale frictional sliding. More precisely, the approach calculates the potential energy differences of two states of a cracked body with fixed surface tractions as it undergoes further cracking and frictional sliding. In State I, the body is subjected to surface tractions and cracks are present and frictional slippage has occurred along internal interfaces in the body. The body now undergoes further debonding and frictional slipping to State II. During this transition, frictional shear stresses perform further work and thus dissipates energy. Utilizing the principle of virtual work, Budiansky et al. [13] were able to eliminate the work of the applied tractions and express the potential energy difference between the two states as follows: 
In (14), u  denotes the relative frictional slip between the two states (assumed to occur monotonically during the transition from State I to State II) and F S is the surface area at which frictional sliding occurs. The potential energy loss will be available for the energy absorption and dissipation during the transition from State I to State II. Therefore, a criterion for debond crack growth can be stated as follows: The debond crack propagation will occur only when the potential energy loss, eq. (13), is equal to the energy absorption by the debonding of the fiber/matrix crack tip and the frictional energy dissipation. This can be written as:
(15) The right hand side of Eq. (15) is the energy absorption by the debonding of the fiber/matrix crack tip and the frictional energy dissipation. Inserting (13) into the left hand side of (15), we note that the frictional energy dissipation term, F  , will appear on both sides in (15) and thus will cancel out. This is a major advantage of the approach since it simplifies the calculations; the frictional energy dissipation and (it turns out) the potential of the applied tractions do not need to be calculated.
We first identify State I as the problem of a debond length . Then, for the transition from State I to State II, the stress state changes only for
Omitting details (the analyses presented here follows that of Sørensen [14] who analyzed fiber failure and progressive debonding of a SFFT using a similar approach), we insert (5) and (6) into (16) . After having performed the integration, we neglect higher order terms of
, and insert the result for the potential energy loss into the left hand side of (15) . Then, d   appears on all terms on both sides and cancels out. We end up with an equation for the determination of the debond length,
Rewriting (19), we obtain
This result, which is our fourth important result, is independent of 
This, our fifth main result, is independent of 
while (19) simplifies to
while eq. (22) becomes
and (24) reduces to
Finally, eq. (23) can be written as
Eq. (29) is simply another form of (26).
Approach for parameter determination
We will now describe an approach for the determination of the interface parameters procedure follows a similar procedure proposed earlier for the pull-out Type 1 (PO1) [15] . We assume that during the single fiber pull-out experiments the parameter f  ,  and d  are recorded simultaneously. We propose the following approach to determine the three parameters in three steps:
Step 1: Step 2: Having determined 
Discussion
In the following, we will compare the equations of the present analysis for PO2 with similar equations for PO1 and SFFT. We also discuss the pull-out part of the experiment and the major assumptions of the present model.
Comparison with results from other pull-out and SFFT problems
The three basic test problems, PO1, PO2 and SFFT (Figure 2 ) can be considered as special cases of a more general problem, where there are three applied stresses, Figure 4 . Care needs to be taken on the direction of sliding and pull-out and the sign (direction) of the frictional shear stress -note that the sliding direction of the SFFT is opposite to the pull-out tests. Force equilibrium gives
The three cases PO1, PO2 and SFFT correspond to the following conditions for the applied stresses: 
We see that these equations are identical if the applied stress terms in the brackets are equal, i.e. under the condition  and  for the SFFT case [14] gives the following scaling factors, noting that during a SFFT experiment it is the composite stress c  that is recorded, since in the SFFT the fiber is broken and thus stress free where debonding occurs.
Again, if we consider
so that, with all parameters (including d  and  ) held fixed, the stresses are scaled approximately as the ratio of the stiffnesses of the matrix and fiber. This can be a significant difference for a polymer matrix composite where the Young's modulus of the matrix is usually significantly lower than that of the fiber. The comparison reveals that the applied composite stress of the SFFT -for the same d  -is much lower than the fiber stress of the PO1 experiment. It might be of interest to design experiments to test this relationship.
Comments regarding the full pull-out experiment
PO2 pull-out experiments are usually conducted in "displacement control", i.e. the position of the free end of the fiber is displaced in the negative z -direction at a constant rate. Such experiments can be considered to take place in two phases. In the first debonding and sliding phase, the applied load to the fiber increases and the debond crack tip propagates along the fiber towards the un-cracked end of the specimen ( L z  ) and the applied fiber stress increased. In the sliding/pull-out phase, the fiber is fully debonded and slides along the entire fiber/matrix interface, and the stress carried by the fiber is given by the frictional shear stress and the embedded fiber length, s  . The following considerations are valid for experiments being conducted in "displacement control", i.e. when the position of the free end of the fiber is displaced in the negative z -direction at a constant rate.
For the first debonding/sliding phase, our equations for the stress-displacement (22) is expected to be valid until the crack tip stress field approaches the end of the specimen, i.e. until 
and the corresponding debond displacement is found by inserting c f  from (39) into (11), giving
Just as the debond crack tip reaches the end of the specimen, the crack tip stress field vanishes and during the remainder of the experiment, the stress field is independent of Figure 1a ).
In the sliding phase, the stress carried by the fiber is controlled by the frictional shear stress and the embedded fiber length, 
From (39) and (42) Figure 5 shows a sketch of the entire
Relation (41) has been widely used to characterize the interfacial shear stress of pull-out experiments. It is clear from our model perspective that the use of relations like (41) is only relevant for characterization of the frictional sliding resistance of the fiber/matrix interface. It will not be useful to characterize the chemical bonding between fiber and matrix, because the bond rupture occurs in the first phase (debonding/sliding) of the experiment where the applied fiber stress is rising. 
Traditional analysis of pull-out experiments
An "apparent" average shear stress, calculated from the maximum applied force, max P , has sometimes been used to characterize the fiber/matrix interface. In connection with our analysis we obtain 
Model approximations
The present model builds on a number of assumptions, such as taking fiber and matrix as linearlyelastic materials and neglecting Poisson's ratio's effects, effectively creating a one-dimensional model. Most fibers used in engineering composites, such as glass fibers and carbon fibers possess rather small non-linearity in their stress-strain behavior. The neglecting of Poisson's effects requires a few comments. First, for some fibers such as carbon fibers the Poisson's ratio is not readily known. Secondly, the Poisson's effects would induce a lateral contraction in fibers in pull-out experiments, possibly changing (reducing) the interfacial normal stress acting normal to the fiber/matrix interface. Considering Coulomb friction, a decrease in the normal stress across the interface could change (decrease) the frictional shear stress. However, there are also experiments that indicate that roughness asperities of the fiber surface affects the frictional sliding behavior of fibers in a composite material [3, 16] . With these complexities in mind, a friction law based on a constant frictional shear stress can be seen as a crude approximation. We think, however, that the most important point is that we characterize the fiber/matrix interface in terms of two parameters that represent two distinctive physical phenomena, the debond process, in which breakage of chemical bonds are the main feature, and frictional sliding resistance. Each of the two phenomena can be modelled in various ways, but how this should be done should be based on careful physical observations.
The assumption that the mechanical behavior of the fiber/matrix interface can be adequately be described in terms of Figure 3a . In case the plots show that the experimental data come out with non-linear relationships, we must conclude that the models do not represent the experiments well. Then, more advanced interface model concepts should be explored.
Finally a remark about the use of shear-lag model for the present problem. This is expected to be a fairly good approximation when the debond crack length is long. Hutchinson and Jensen [8] showed by comparing results from a shear-lag model with results from a more accurate numerical model that shear-lag models can be good approximations once the debond length is longer than about 2 -3 times r. This implies that the model is best suited for composites with relatively low values for the interface shear stress and debond energy.
Concluding remarks
An analytical model was developed for debonding and sliding of a single fiber specimen supported at the matrix at the end where the fiber is loaded in tension. The model takes the fracture energy for fiber/matrix debonding, the interfacial sliding fraction and a strain mismatch as unknowns that must be determined from experimental measurements. An approach is presented for sequential identification of these parameters. Equations for debond length and fiber debond displacement were found to have similar form as equations derived for single fiber pull-out testing where the specimen is gripped at the opposite end and for single fiber fragmentation tests.
